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We address the problem of energy-optimal voltage scheduling for fixed-priority hard real-time sys-
tems, on which we present a complete treatment both theoretically and practically. Although most
practical real-time systems are based on fixed-priority scheduling, there have been few research
results known on the energy-optimal fixed-priority scheduling problem. First, we prove that the
problem is NP-hard. Then, we present a fully polynomial time approximation scheme (FPTAS) for
the problem. For any ¢ > 0, the proposed approximation scheme computes a voltage schedule whose
energy consumption is at most (1 + ¢) times that of the optimal voltage schedule. Furthermore, the
running time of the proposed approximation scheme is bounded by a polynomial function of the
number of input jobs and 1/¢. Given the NP-hardness of the problem, the proposed approximation
scheme is practically the best solution because it can compute a near-optimal voltage schedule (i.e.,
provably arbitrarily close to the optimal schedule) in polynomial time. Experimental results show
that the approximation scheme finds more efficient (almost optimal) voltage schedules faster than
the best existing heuristic.

Categories and Subject Descriptors: C.3 [Special-Purpose and Application-Based Systems]:
Real-Time and Embedded Systems; F.2.2 [Analysis of Algorithms and Problem Complexity]:
Nonnumerical Algorithms and Problems—sequencing and scheduling

General Terms: Algorithms

Additional Key Words and Phrases: Fixed-priority scheduling, real-time systems, approximation
algorithms, fully polynomial time approximation scheme, variable voltage processor, dynamic volt-
age scaling

1. INTRODUCTION

Energy consumption is one of the most important design constraints in de-
signing battery-operated embedded systems such as personal digital assis-
tants, digital cellular phones, and mobile videophones. For such systems, the
energy consumption is a critical design factor because the battery operation
time is a primary performance measure. The dynamic energy consumption E,
which dominates the total energy consumption of CMOS circuits, is given by
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E « Cr - Neye - VI%D, where Ci, is the load capacitance, Neyae is the number
of executed cycles, and Vpp is the supply voltage. Because the dynamic energy
consumption E is quadratically dependent on the supply voltage Vpp, lower-
ing Vpp is an effective technique in reducing the energy consumption. How-
ever, lowering the supply voltage also decreases the clock speed, because the
circuit delay Tp of CMOS circuits is given by Tp « Vpp/(Vpp — Vp)* [Sakurai
and Newton 1990], where V7 is the threshold voltage and « is a technology-
dependent constant.

When a given job does not require the maximum performance of a VLSI sys-
tem, the clock speed (and its corresponding supply voltage) can be dynamically
adjusted to the lowest possible level that still satisfies the job’s required perfor-
mance. This is the key principle of the dynamic voltage scaling (DVS) technique.
With a recent explosive growth of the portable embedded system market, sev-
eral commercial variable-voltage processors were developed (e.g., Intel’s Xscale,
AMD’s K6-2+, and Transmeta’s Crusoe processors). Targeting these processors,
various DVS algorithms [Aydin et al. 2001; Gruian 2001; Hong et al. 1998; Kim
et al. 2002; Pillai and Shin 2001; Quan and Hu 2001, 2002; Shin and Choi 1999;
Shin et al. 2000; Yao et al. 1995] have been proposed, especially for embedded
hard real-time systems.

For hard real-time systems, the goal of voltage scheduling algorithms is
to find an energy-efficient voltage schedule with all the stringent timing con-
straints satisfied. A voltage schedule is a function that associates each time
unit with a voltage level (i.e., a clock frequency).! In this paper, we consider
fixed-priority real-time jobs running on variable voltage processors.

1.1 Previous Work

Previous investigations on the voltage scheduling problem have focused mainly
on real-time jobs running under dynamic-priority scheduling algorithms such
as the EDF (earliest-deadline-first) algorithm [Aydin et al. 2001; Hong et al.
1998; Kim et al. 2002; Pillai and Shin 2001]. For example, the problem of
energy-optimal EDF scheduling has been well understood. For EDF job sets,
the algorithm by Yao et al. [1995] computes the energy-optimal voltage sched-
ules in polynomial time. Although the EDF scheduling policy makes the volt-
age scheduling problem easier to solve, fixed-priority scheduling algorithms
such as the RM (rate monotonic) algorithm are more commonly used in prac-
tical real-time systems due to their low overhead and predictability [Liu
2000].

Although there exist several voltage scheduling techniques proposed for
fixed-priority real-time tasks (e.g., online scheduling algorithms [Gruian 2001;
Pillai and Shin 2001; Shin and Choi 1999] and offline scheduling algorithms
[Gruian 2001; Quan and Hu 2001, 2002; Shin et al. 2000]), there have been few
research results on the optimal voltage scheduling problem for fixed-priority
hard real-time systems; neither a polynomial-time optimal voltage scheduling
algorithm nor the computational complexity of the problem is known.

IThroughout the remainder of the paper, we use the term voltage scheduling instead of DVS.
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Up to now, the only significant research result on the optimality issue of
fixed-priority voltage scheduling is the one presented by Quan and Hu [2002],
where energy-optimal voltage schedules for fixed-priority jobs are found by an
exhaustive algorithm. However, Quan and Hu did not justify their exhaustive
approach. If they had presented the computational complexity of the voltage
scheduling problem, their result would have been much more significant. Since
the worst-case complexity of Quan’s algorithm is of higher order than O(N!),
where N is the number of jobs, the algorithm is practically unusable for most
real-time applications.

Quan and Hu [2001] also proposed a polynomial-time voltage scheduling
algorithm for fixed-priority hard real-time systems, which is the best known
polynomial-time heuristic for the problem. Although efficient, being a heuristic,
this algorithm cannot guarantee the quality of the voltage schedule computed.

1.2 Contributions

In this paper, we give a complete treatment on the optimal voltage scheduling
problem for fixed-priority hard real-time systems. As with the work of Quan and
Hu [2001, 2002], we assume that the timing parameters of each job is known a
priori. Our problem is identical to the one solved by Yao et al. [1995], except that
the priority assignment is changed from the dynamic EDF assignment to the
fixed assignment. As illustrated by Quan and Hu [2001], the voltage scheduling
problem for fixed-priority tasks is more difficult to solve because the preemption
relationship among the tasks is much more complex to analyze.

First, we prove that the optimal voltage scheduling problem is NP-hard,
which implies that no optimal polynomial-time algorithm is likely to exist. Sec-
ond, we present a fully polynomial time approximation scheme for the problem.
A fully polynomial time approximation scheme (FPTAS) is an approximation
algorithm that takes any ¢ (>0) as an additional input and returns a solution
whose cost is at most a factor of (1 + ¢) away from the cost of the optimal so-
lution, with the running time bounded by a polynomial both in the size of the
input instance and in 1/s [Woeginger 1999]. Given the NP-hardness of the prob-
lem, the proposed approximation scheme is practically the best solution. The
proposed approximation scheme computes a near-optimal voltage schedule in
polynomial time. By changing ¢, the approximation scheme can find a voltage
schedule that is provably arbitrarily close to the optimal solution.

The rest of the paper is organized as follows. In Section 2, we formulate the
problem and characterize feasible voltage schedules. We describe important
properties of an energy-optimal voltage schedule in Section 3, which provide
a basis of later proofs. In Section 4, we present the intractability result of the
problem including its NP-hardness. The FPTAS for the problem is presented in
Section 5. Experimental results are given in Section 6, and we conclude with a
summary and directions for future work in Section 7.

2. PROBLEM FORMULATION

We consider a set J = {J1, Js, ..., J| 7} of priority-ordered jobs with JJ; being
the job with the highest priority. A job J € J is associated with the following
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timing parameters, which are assumed to be known offline:

—r: the release time of /.
—d j: the deadline of ¢J.
——c: the number of execution cycles required for J.

We use ps to denote the priority of the job J. We assume that J has a higher
priority than J' if p; < py. In the rest of the paper, we use i instead of J; as
a subscript of timing parameters when no confusion arises (e.g., r;, d;, and ¢;
stand for, 77, d s, and ¢, respectively). Note that our job model can be directly
applicable to a periodic real-time system by considering all the task instances
within a hyperperiod of periodic tasks.

Since there is a one-to-one correspondence between the processor speed and
the supply voltage, we use S(¢), the processor speed, to denote the voltage sched-
ule in the rest of the paper. Given a voltage schedule, the job executed at time
t can be uniquely determined and is denoted by job(7, S, t). A voltage schedule
S(¢t) is said to be feasible if S(¢) gives each job the required number of cycles
between its release time and deadline. (An exact characterization of a feasible
voltage schedule is given in Section 2.1.)

As with other related work [Quan and Hu 2001, 2002; Yao et al. 1995], we
assume that the processor speed can be varied continuously with a negligible
overhead both in time and power. Furthermore, we model that the power P,
energy consumed per unit time, is a convex function of the processor speed;
given a voltage schedule S(¢), the power can be written as a function of time
by P(S(¢)). For simplicity, we assume that all the jobs have the same switching
activity and that P is dependent only on the processor speed.

The goal of the voltage scheduling problem is, therefore, to find a feasible
schedule S(¢) that minimizes

te
ES)= [ P(S®)) dt 1)
ts
where ¢; and ¢r are the lower and upper limits of release times and deadlines of
the jobs in 7, respectively. For the rest of this paper, the energy-optimal voltage
schedule of a job set 7 is denoted by S(g)t.

2.1 Feasibility Analysis

In this section, we derive a necessary and sufficient condition for a voltage
schedule to be feasible, which will provide a basis for the proofs in Section 3.
We first introduce some useful notations and definitions.

W (S, [t1, to]) is used to denote the number of cycles executed under a voltage
schedule S(¢) from #; to to, thatis, W (S, [#1, t2]) = t'iz S(t) dt. Among W (S, [t1, t2])
cycles, W;(S, [t1, ta]) denotes the number of cycles between ¢#; and ¢y used for
executing a set of jobs /1, Jo, . .., J; whose priorities are higher than or equal to
pJ,- R7and D s represent the sets of release times and deadlines of the jobs in 7,
respectively, thatis, Ry ={rsj|J € J}and D; ={d s|J € J}. T'7 denotes the union
of R7 and Dy, thatis, Ty =R ;U D;. Given a job set 7' C 7, C(J') represents
the total workload of jobs in J’, that is, C(J")= }_ ;. ; cs. Furthermore, I,
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represents the minimum interval that includes the execution intervals of jobs
in 7/, that is, I, = [min R, max D;]. 77 represents the Cartesian product
of [I”Ji, dJi], for 1 < i < |j|, that iS, Tj = [rJl,dJl] X [I”JZ, dJZ] X -+ X [T‘Jm, dJm].
Given voltage schedules 51, Sy, ..., S, such that

S;t)=0 forall ¢ ¢ [o;, 8] foralll<i<n and pB;<a;y1 forall 1<i<n,

the concatenation of Sq, So, ..., S, is

S =515 05, L Y s0.
i=1
Since jobs should be released before they can be processed, we assume
that a voltage schedule S always satisfies the constraint that for any ¢ > 0,
WS, [0,tD) <C{J|ry <t}).
The condition for a voltage schedule S(¢) to be feasible can be expressed as
follows:

Condition I (Feasibility Condition).
There exists a |J|-tuple (f,, fu4,,..., fg,)€ 77 such that
Vi<i<|J| VreltlteRsAt<fy}
WS, Ir, f5D=CUJ |ps <pj Argelr, f5)). (2)

For a |J|-tuple (fq,, fgps -+, me)eTJ, fJ, can be considered as a modified
deadline of oJ;, which is equal to or precedes the original deadline d,;,. (The
meaning of the | 7|-tuple is further clarified in Section 3.) If S(¢) satisfies Con-
dition I for a given |7 |-tuple (£, fu5, ..., fu,) €T 7, J; completes its execution
by £ for all 1<i<|J|. Such |J|-tuples are said to be valid with respect to
(J,S8(t)). Theorem 2.1 gives a proof for the feasibility condition.

THEOREM 2.1. Condition I is a necessary and sufficient condition for S(t) to
be feasible.

Proor. For the necessary part, suppose that S(¢) is feasible, that is, J; com-
pletes its execution at f, € (ry,,d ] for all 1 <i <|J|. Then, for any r € R 7 such
that r < f,, all the higher priority jobs whose release times are within [r, f,)
complete their executions by f.;.. So the total amount of work that should be
done within [r, f.;,] must be greater than or equal to the sum of workload of the
jobs. Thus, we have for all 1 <i <|J|:

WS, Ir, f5D=CUJ |ps<pg Arg €lr, fs)}).

For the sufficient part, assume that Condition I is satisfied for a | 7|-tuple
(fa fas -+ -5 fa,) By induction on i, we prove that oJ; is given its required exe-
cution cycles ¢, within [rj,, ] for all 1 <i <|J|. The base case holds trivially.

For the induction step, assume that the proposition holds for all
k=1,2,...,i — 1. Let r <rj, be the earliest time point in R; such that
no lower priority jobs (i.e., J; for k >1i) are executed within [r,r;], that is,
WS, [r,rg)=W;_1(S, [r,rz]. If such r does not exist, r is set to r;.. Then, a
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higher priority job J' (i.e., J; for ! <i) released before r (i.e., rj» <r) must com-
plete its execution before r; otherwise, since any lower priority jobs cannot be
executed within [rj/, 7], we have
WS, rg,rpD) = W(S, [ry,rD+W(S, [r,rs])
= Wiii(S, [rg, rD+ W,_i(S, [r,rg,D =W, (S, [rg, rg]),
which contradicts the definition of r. Since only higher priority jobs G.e.,
J; for [ <i) are executed within [r,r;], the amount of remaining workload
of the higher priority jobs (which are released within [r,7;)) at time rj, is
CUrIl <k <i A rg elr,ry)}) — W(S,Ir,rs]). So we have
Wi i(S, [rg, f5D) <= CH{II<k <i A1y, €lr,rg)}) — WS, [r,rzD
+C{Jpl1<k <i A rg,elrg, f5)})

= C({rll<k<i Arg elr,fi)))— WS, I[r,rsD. (3)
To complete the induction, we only need to show that W(S,[ry, fs]) —
W;_1(S, [rg,, 7.1 is not smaller than c,. (Note that J; preempts any lower pri-
ority jobs.) From (3) and the assumption that Condition I is satisfied, we have
WS, [rg, fo.D) = Wi_i(S, [rg, f5.D
> WS, I, fr.D) — CHJIRIL<k <i A1y €lr, f)}) (from (3).)
> C{dr 1<k <inrgelr, f5)D)
— C({Jpll<k<i A rgelr, f1)}) (from (2).)
C{JiD=cy. O

\Y

A job set 7 is said to be an EDF job set if for any </, J' € J (where ps < p.J),
dgj <dy,ordy <rj. When the priority assignment follows the EDF policy, we
can prove that Condition I is simplified as follows:

Condition II (EDF Feasibility Condition).
Forany re R; and d € D; (wherer <d),
WS, [r,dD)=C{J|lry,ds1 S [r, d1}).

LEmMma 2.2. Given an EDF job set J, a voltage schedule S(t) of J is feasible
if and only if Condition II is satisfied.

Proor. Consider a new job set J'={J|,d;,...,dJ s}, where ry =
WS, [0,rsD), dy=W(S,[0,ds]D, cgr=cy, and py=py for all 1<i<|J|.
Because W(S, [0, £]) is a monotonically increasing function of ¢, 7’ is also an
EDF job set (i.e., for any J/, J;, € J', where i <k, dj <d, or dj <rj/). Let
S'(t)=1 (Vt > 0) be the voltage schedule of 7'. Then, we can easily verify that
the index of the job job(J, S, t) is the same as that of job(J',S’, W(S, [0, t])).
Therefore, JJ; € J finishes its execution by its deadline d s, under S(¢) if and only
if its corresponding job J; € 7' finishes its execution by dj (= W(S, [0,d])
under S'.

It is well known that all the jobs in an EDF job set meet their deadlines
under a constant speed if and only if the utilization ratio for any time interval
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is less than or equal to 1 [Liu 2000]. That is, S’ is a feasible voltage schedule of
J' if and only if the following is satisfied:

Forany r'e Ry and d'€ Dy (wherer’' <d’),
CUJI eI Alry,dAclr,d ) <d' 7" 4

Since (4) is equivalent to Condition I, Condition II is a necessary and sufficient
condition for S(¢) to be a feasible voltage schedule of 7. O

As shown in Conditions I and II, the complexity of fixed-priority voltage
scheduling mainly comes from the inherent exhaustiveness in finding a valid
|7 |-tuple. In the EDF scheduling algorithm, it is sufficient for a single |.7|-tuple
of the original deadlines to be checked if it satisfies Condition II.

3. SOME PROPERTIES OF OPTIMAL SCHEDULES

In this section, we explain several properties for a feasible voltage schedule to be
an energy-optimal schedule. These properties provide a key insight in devising
a fast approximation algorithm described in Section 5. The first property, which
was proven by Quan and Hu [2001], is that an energy-optimal voltage schedule
should be a piecewise-constant function.

The existing optimal voltage scheduling algorithm by Quan and Hu is based
on an observation that if a given job set satisfies the requirement of an EDF
job set, the optimal voltage schedule can be easily computed by Yao’s “peak-
power-greedy” algorithm [Yao et al. 1995]. Simply applying Yao’s algorithm to
a fixed-priority job set may cause some jobs to miss their deadlines. However,
if the deadlines of the jobs are appropriately modified before scheduling, Yao’s
algorithm can yield a feasible optimal schedule as shown in Quan and Hu
[2002]. The efficiency of an optimal voltage scheduling algorithm is, therefore,
dependent on how efficiently the job set is modified to be an EDF job set. To give
a better insight into our approach for solving the voltage scheduling problem,
we derive an equivalent result to Quan and Hu [2002] using Conditions I and II.

3.1 Properties on |7 |-Tuples

Given a |J|-tuple £f=(f, fu,..., f4,)€T?, J* represents the job set
{J1, s, ..., J|7}, where pj=py,cy=cy,rg=ry, anddy = fy foralll<
i <|J|. We say that a |7|-tuple f is EDF ordered if J* follows the EDF pri-

ority. Furthermore, [7f is said to be EDF-equivalent to 7. We first establish a
link between Conditions I and II.

Lemma 3.1. If Condition I is satisfied for a job set J by a voltage schedule
S and an EDF-ordered | J |-tuple £=(f 4, fu4,, ..., fJ), Condition II is satisfied

for a job set Jf by S.
Proor. Foranyre R randd € D (r <d), we have
ref{titeRy; (=Rp) At<d} and
d=fg for 3 fs €D (={fy, fr,---s fa,D-
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Furthermore, since f is EDF-ordered, we have
VeI st. ry (=rg)elnd(= f5)),
dJé=ka§fJi=d if pJépri/(=in)
dy=fs>fs=d otherwise.
Thus, we have for all J; € J%:
py,<py Aryelrd) & |Irg,dylclrdl (5)
Finally, by substituting d for £, in (2), we have
W(S,[r,dD) = C{dJ €T |ps <pJ, Argelr,d)})
= CUJy €T |ps; <ps (= ps) A ry (=rz)elrd)h)
= C{J e Iry,dslCIr,dl}).  (from (5).) O

Lemma 3.2. IfCondition II is satisfied for a job set Jf by a voltage schedule S
wheref=(fz,, fu1,, ..., fg,)isan EDF-ordered | J |-tuple, Condition I is satisfied
for a job set J by S.

v

Proor. Letref{t|lte Ry At < fy}. Then, we have
reRs;(=Ry), fr,€Dp(={fs, s, fa,}) andr < f
and substituting £, for d in Condition II gives
WS, Ir, f2D)=C{J €T | Irp,ds1STr, f11D).
Sin():e f is EDF-ordered, we have for all J; € Jf (refer to the proof of Lemma
3.1.):
py<py Arg el fg) < Irg,dyl<lr, fi] (6)

Therefore, we have

WS, Ir, f2D) = CHJ € T Iry,dl S, f51D
= C{J; € T  |ps; <pss (= ps) A 1y (=ry)€lr, f2))
= C{J €T |psg<pgj Argelr, fs)). O
From Lemmas 3.1 and 3.2, we can derive the following useful theorem that

states how a feasible voltage schedule of a job set can be obtained from its
EDF-equivalent job sets.

THEOREM 3.3. Given a job set [J, let F; be the set of all feasible voltage
schedules for J. Then, Fj= Utcr,,, Fgt, where Tgpr is the set of all EDF-
ordered | J|-tuples for J.

Proor. To show that SeF;=S8€ Utcr,, Fytr, assume that J; com-
pletes its execution at f; (< dj) for all 1<i<|J| under S€F;. Let
f=(fs, fa»---, fg,). Then, J¥ is an EDF job set. If not, we have for some

J}, Jf € J* (where pj; < pJ)
ry, <dJl/ (= le)<dJ,; (= fa),

ACM Transactions on Embedded Computing Systems, Vol. 2, No. 3, August 2003.



Energy-Optimal Voltage Scheduling . 401

(@) (b) (©
Fig. 1. An example of EDF-equivalent job sets.

which contradicts a fact that once a higher priority job (i.e., J;) is released
during the execution of a lower priority job (i.e., J;), the higher priority job
completes earlier than the lower priority job (i.e., fj, < f.,). Furthermore, from
Lemma 3.1, S(¢) is a feasible schedule for the EDF job set 7f. Thus, we have
S € Urerypp Fot -

Conversely, given an EDF-ordered |7|-tuple f=(fs, fu,..., fJ,), let
S € F« be a feasible schedule for the EDF-equivalent job set Jf. Then, from
Lemma 3.2, S satisfies Condition I for 7. Thus, we have Se€F;. O

CoroLLARY 3.4. Given a job set J, E(S pt) <E (S(;Z)t) for any EDF-equivalent
job set J%. Furthermore, there exists an EDF-equivalent job set J*f such that
S, =87

opt opt*

From Theorem 3.3, there is a one-to-one correspondence between feasi-
ble schedules of a fixed-priority job set J and feasible schedules of 7’s
EDF-equivalent job sets. Since the energy-optimal schedule S%t for an EDF-
equivalent job set Jf can be directly computed (in polynomial time) by Yao’s
algorithm [Yao et al. 1995], the problem of finding an energy-optimal (feasible)
voltage schedule of 7 is reduced to the problem of finding an EDF- equlvalent
job set Jf (or to selecting an EDF-ordered |7|-tuple f) that minimizes E (Sj ot)-

Figure 1 shows an example of EDF-equivalent job sets and EDF-ordered |j |-
tuples. Figure 1(a) shows the original job set J = {1, J3}. In this example, Js
has a lower priority but earlier deadline than /1, so 7 is not an EDF job set.
(So Yao’s algorithm cannot be directly applied to 7.) In Figures 1(b) and (c), two
job sets are shown, which are EDF-equivalent to 7. The job sets {J], J,} and
{J{, J)} are obtained by choosing (r;,,d.s,) and (d.,, d,) as EDF-ordered |7 |-
tuples, respectively. Both job sets follow the EDF priority assignment,? and the
optimal voltage schedule for each job set can be computed by Yao’s algorithm.
(As w111 be explalned below, the energy-optimal voltage schedule of 7 is equal
to Sopt r Sopt o) depending on the workload of J; and J5.)

Now, we are to restrict the search space of EDF-ordered |7|-tuples
(equivalently, EDF-equivalent job sets). First, an EDF-ordered |J|-tuple f =
(f1, f2,..., fi7)) does not need to be considered if for another EDF-ordered |7 |-
tuple f'=(f7, f3,..., fl7) (F1D, fi<f/forall1<i<|J|. This is because for
any voltage schedule S(¢) feasible under f, S(¢) is also feasible under f. We de-
fine that an EDF-ordered |7 |-tuple f (or 7%) is essential if such f does not exist.
(The term “essential” is equivalent to the term “NAP” in Quan and Hu [2002].)

2In Figure 1(c), J need not have an earlier deadline than oJ, for the job set to be an EDF job set;
d Jy = d 7y is sufficient for the job set to be optimally scheduled by Yao’s algorithm [Yao et al. 1995].
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Quan’s optimal algorithm [Quan and Hu 2002] finds an optimal voltage sched-
ule by exhaustively enumerating all the essential (or NAP) job sets and then
applying Yao’s algorithm for each essential job set. Our fast algorithm avoids
the exhaustiveness by carefully enumerating the essential job sets.

3.2 |J|-Permutations

It is easy to check if a | 7|-tuple is EDF-ordered (or essential). On the contrary,
it is not obvious how such | 7|-tuples can be enumerated. In this section, we de-
scribe how to construct EDF-ordered |7 |-tuples efficiently using a permutation-
based analysis.

Given a |J|-tuple f = (f1, fo, ..., fiz), letog: {1,2, ..., [T} = {1,2,...,|T}
be a permutation that maps a new tuple index when the tuple elements
are sorted in a nondecreasing order, that is, f, S < f, g S e S f g
Ties are broken by the priority, that is, if f; = f | where 1<j, ofi) <af( Jj)-
(From now on, we call such o a |7J|-permutation.) For example, let
f=(f1, o, f3, f4)=(4,10,2,10). Then, since f3=<f1<f2=7/4, we have
0(3)=1, 0(1)=2, and (from the tie-breaking rule) (¢(2), 5(4))=(3, 4). (Equiv-
alently, we have (o 1(1),07%2),071(3),071(4))=(3,1, 2, 4).) Note that o1()
denotes the index of the ith smallest element in f, that is, f,-1) is the ith
smallest element in f.

The following lemma states that there cannot exist more than one essential
|7 |-tuples whose | J|-permutations are the same, that is, each essential |7 |-
tuple can be uniquely addressed by its corresponding |.7|-permutation (and,
obviously, vice versa).

Lemma 3.5. For any two essential |J|-tuple £=(f1, f2,..., fi7) and
fz(fl/5 fz/’-'«; f‘/j|) (f7éf/), of # Of.

Proor. Suppose of = op and let i (1 <i <|J|) be the largest integer such
that faf—l(i) #+ f/‘l(i)’ that is,
Oy

Fariao= e (: f;,l(k)) forall i<k <|J|. )

Without loss of generahty, we can assume [ 1) < f 1) Let us consider a new
|7 |-tuple £ = (f7, -5 f7), where

o_ i k=o',
k= fr»  otherwise.

From the definition of f’, it can be easily seen that opr = of = op. (We omit the
subscripts in the rest of the proof.) We are now to prove that £’ is EDF-ordered,
thatis, forany 1<j <k <|J|,

]’-’ <fiorf;< ry;. 8)

Since f is EDF-ordered, (8) holds for all 1 < j <k <|J| except for j =0 ~1(i) or
k =0"1(i). So it remains to show that (8) holds for all 1 < j <o~1() <|J| and
1<o @) <k <|J|.
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o gy = iy

2 for (i:=|J9|-1to 1)

3: let 7% be {Jo-1yl i <k <|I| A o™ (k) <o (i) }

4: if (11/0_1(” > min({r;|J € 1} U{,fg—l(;+1)})) return FALSE
5 else fo1(;) = min({_f'(rl(,-ﬂ),d/rlm}U{Ij/|.le 7H)

6 end if :

7 end for

Fig. 2. The algorithm to build a | J|-tuple from a |7 |-permutation.

Case (@). 1<j <o Yi)<|J| (when J; has a higher priority than J, 1.)

If 77 < f)4) (8) trivially holds. So we only consider j such that /7> f",,,
that is, f; (= fo16())> 13 (> fo-1))- From the definition of o, we have
o(j)>i. Thus, by substituting o(j) for £ in Eq. (7), we have f; (=f/)=f].
From the assumption, f' is EDF ordered, but we have f;=f; > f;,l(i). So it
must be the case that f;,l(i) <rj,. Therefore, we have

" /
fo-1y=Fo1) ST,

Case (b). 1<07'i)<k<|J| (when J; has alower priority than J,1(;).)

First, we can exclude the case when [}, = f,-1;. Otherwise, we have
o(k)>o(o71(i)) = i. (Recall the tie-breaking rule.) But, by the definition of o,
f(;_l(a(k)) (: f]é) > f;—lg) and we ﬁnally have

flé = f(;—l(i) > frl(i) = fk,

which contradicts Eq. (7).

Second, consider & such that f; < f,-1;). £ is EDF-ordered, but we have
fo-1G) > fr- So it must be the case that f; < T 1 Therefore, we have

fi="rfe=sry .,
Finally, for £ such that f% > f,-1;), we have
foaw="Toap < fa=Te="14.
Thus, f’ is EDF-ordered. However, since we have
foroy<Foapy="Ffoay and fr=f; foralll<k# o @) < 1T,

f is not essential, a contradiction. Therefore, o¢ # op. O

The proof of Lemma 3.5 also implies how to build a unique essential job set
for o.

Lemma 3.6. Given a |J|-permutation o, the algorithm in Figure 2 finds a
unique essential |J|-tuple for o if such a |J|-tuple exists. Otherwise, it returns
FALSE.

Proor. First, suppose that the essential |7|-tuple for o exists and denote
it by £ =(f{, fs,..., f|7). (Note that f;,l(l) < f;*1(2) <...< féfl(\Jl)‘) We are
to prove that f/ ,; = f;-13, and the algorithm does not abort in line 4 for
alli=|7|,1J| —1,...,1 by induction on i. The base case holds trivially, that
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is, fé*‘(\]l) :d“’flum) = f5-1(7). For the induction step, assume that the propo-

sition holds for all k= |7|,|J| — 1,...,i+1. Let 7T ={(J,1pli <k <|J| A
o 1(k) <o)} (as in line 3 of the algorithm). Note that any job in 7 has
the higher priority than J,-1;) and that f ,,, <dy , and f, ;) <, 1; 1)

Case (a). JH =g.

Suppose that f;_l(i) < dJnil(i) and f) ;< f. that is,

“1G+1)
for = S foag<min{dy_, , foagnt = o = = foagg):
Let £'=(f{,..., oy pminidy ., foaginb fogysrs - 7). Then, £ is
EDF ordered, and f is not essential, a contradiction. Therefore, we have
foro=min{dy_, , foaept=min{ds_ . forirn}=fore-

Case (b). JH #£4¢.
For all J, 14, € T2, we have fé*(i) < f;,l(k) from the definition of o (Recall
the tie-breaking rule.), and f;-l(w <ry_,, since f is EDF-ordered. Suppose that

. H .
f(;,l(i) < min{rj|J € 7%}, f(;,l(i) <dJ0_1m, and f;,l(i) < f;,l(iﬂ), that is,

/ ’ . / H
fa—l(l) = fa‘l(i) < min ({dJn-lm’ fa‘l(i+1)} U {rJ|J eJ })
7 7
foriin = - = Forggy
Let £'=(f],..., f(;,l(i)_l,min({delm, foagsnt Y irald e JHY, flgins s

fI/J\)' Then, it can be easily shown that f’ is EDF-ordered. Thus, f' is not essen-
tial, a contradiction. Therefore, we have

féfl(i) = min ({dJa—lm’ frifl(i-&-l)} U {rJ‘J GJH})
= min ({dJrfl(i)’ fo"l(i-‘rl)} U {Y'J‘J EJH}) = fc*l(i)-
Furthermore, we have for both cases
Py < Fam < Win (rg 1T € TN U{f] 40 }) = min (rs1d € T U{ fo 1640 )

and the algorithm does not abort in line 4 at iteration i, which completes the
induction.

If the algorithm does not abort, the | 7|-tuple built by the algorithm is always
a correct EDF-ordered | 7|-tuple, implying the existence of such |7|-tuple for
o. Therefore, if such | 7|-tuple does not exist, the algorithm eventually returns
FALSE. O

IA

A

If a | 7|-permutation o has the corresponding EDF-ordered | 7|-tuple f, it is
said to be valid. Furthermore, if f is essential, o is said to be essential. From
the above argument, we can establish one-to-one correspondences between
EDF-ordered | 7 |-tuples and valid | 7 |-permutations, and between essential |7 |-
tuples and essential | 7|-permutations. Figure 3(a) shows a job set with three
jobs, and Figures 3(b)—(d) show its EDF equivalent job sets with their |7|-
permutations. Among 3!(= 6) possible | 7|-permutations, only three permuta-
tions are valid (and essential).
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L_{z ____________ Lo {z_l
L _'{‘ _______ | L- _j_c‘_ |
L_'{3 _________________ | Looooooo j_cil
r3 r r d dy d r r r d; d d
(@ (b)
Lo Iy lemoees 13
. Iy leme Iy
LT e T3y
;1 ;1 ;Z "il "h tliz ;3 ;I "'2 d‘l d‘\ l‘il
© @

Fig. 3. An example of |J|-permutations. (a) A job set and its EDF-equivalent job sets for
which (671(3),071(2),071(1)) = (b) (2,3,1), (c) (2,1,3), and (d) (3,2, 1), respectively. ((c~1(3),
o 12),071(1)=(1,2,3),(1, 3,2), and (3, 1, 2) are not valid .7-permutations.)

7= ().D:={)
foreach (dj, €Dy s.t. {(d;) =1)
fi=dj, g = J'u{si},D =DU{d;}
end foreach /* return FALSE here if 4’ does not follow the EDF priority. ¥/
foreach (1, €Ry s.t. {(r;,) = 1 in a decreasing order)
fi:=max{d €D | 7' U{J} follows the EDF priority where p; = p;,.1r; =ry,,d; =d}
/* return FALSE here if such f; does not exist. */
9= 9u{J},D:=DU{r;}
end foreach
foreach (J; s.t. f; is not determined (in any order))
fi :=max{d €D | 7' U{J} follows the EDF priority where p; = py,.r; =ry,.d;j =d}
/* return FALSE here if such f; does not exist. */
11: J = J'u{J}

12: end foreach

EANRANE S ey

S0V x3

Fig. 4. The algorithm to build a | 7|-tuple from a bit-vector.

Based on the algorithm in Figure 2, we describe another way to enumerate
|7 |-tuples. In the following, 7, and d ;. are interpreted as symbolic values, not as
real numbers. Then, R ;U D 7 has 2-|7| distinct symbolic values. Furthermore,
the algorithm in Figure 2 is assumed to assign symbolic values to elements of
a |J|-tuple with the following tie-breaking rule in line 5:

@ry=rg,G<j)irg <rg, Ody=ds,G<j):ry <rg,(rg=dy, :rj <dy;.

Given a |J|-tuple £=(f1, fo, ..., fiz)), let & : Ry U Dy = {0, 1} be a bit-vector
of length 2 - | 7| such that

)= 1 ¢=f forsomel=<k<|J|,
)= 0 otherwise.

The algorithm in Figure 4 constructs a |7|-tuple from an arbitrary bit-vector
¢ : R7UD ;s = {0, 1}. The correctness of the algorithm can be proved in a similar
manner as the algorithm in Figure 2.
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3.3 An Alternative Formulation

The problem formulation given in Section 2 is based on the voltage schedule S(¢).
In this section, we describe an alternative formulation, based on the following
intuitive property, which states that each job runs at the same constant speed
if the voltage schedule is an optimal one.

Lemma 3.7. Foran energy-optimal voltage schedule S(t), S(¢1) = S(¢2) for any
t1 and tg such that job(J, S, t1)=job(J, S, t2).

Proofr. Given an optimal schedule S(¢), suppose that S(¢1) # S(¢2) for some
t1 and #o such that job(7, S, #1) =job(J, S, t2). Given that S(¢) is optimal, there
exist 1, %5, S1, Se, and At such that S(#)=.S; for ¢; <t <t; + At, S(¢)=S; for
t, <t <t,+ At,and Sy # Ss. Let S(¢)' be defined by

S1+ S,
S@) = 2
S(t) otherwise.

Then, it is obvious that S(¢) is feasible, and E(S’) < E(S), a contradiction. O

b <t <t;+At, t; <t <ty+ At,

From Lemma 3.7, it can be shown that the voltage scheduling problem is
equivalent to determining the allowed execution time a; allocated to each ;.
Given a feasible voltage schedule S, the corresponding tuple of the allowed
execution times (a1, ag, ..., a|7)), called a time-allocation tuple, can be uniquely
determined. Conversely, given a time-allocation tuple A= (a1, aq, ..., q,7)), the
corresponding voltage schedule Sa can be uniquely constructed by assigning the
constant execution speed c;/a; to J;. A is said to be feasible if the corresponding
voltage schedule Sy is feasible.

Let us now consider the exact condition for a time-allocation tuple

A=(aj,a,...,a.7) tobe feasible by rewriting Condition I in Section 2 in terms
of A.

Condition III (Feasibility Condition for Time-Allocation Tuples).
There exists a |J|-tuple (f,,, f4,-.., f,) €7 such that
Vi<i<|J| Vref{tlteRsAt<fy}
> ar < fs, — . 9)

Ji /Py, <P AT, €l f)

Lemma 3.8. Condition III is a necessary and sufficient condition for A to be
feasible.

Proor. Given a job set J={J1,Js,...,J, 7} and a time-allocation tuple
A=(a1,ay,...,ay) for 7, consider a new job set 7' ={J}, JJy, ..., J/;}, where
¢y =a;,rg =rg,dy=dy,and p;j = py, forall 1 <i <|7J|, thatis, 7' is identical
to J except for the workload.

Let S'¢)=1 (V¢ >0) be the voltage schedule of 7'. Then, it is obvious
that the response time of J; under Sp is the same as that of J under S'.
Thus, A is feasible if and only if S’ is a feasible voltage schedule for 7.
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a, a
A A
a,Sd;-r, a, Sd;-r,

4, S dy-1y a,S d,-r,

\ a+a,Sd;-r,

r-r \
at+a,S d,-r,
>

»

v

a; 4
(a) (b)
Fig. 5. Solution spaces for (a) an EDF job set and (b) a fixed-priority job set.

After replacing S and ¢, in Condition I by S’ and a;, respectively, we have
Condition III. O

By applying the same argument to Condition II, we have the following con-
dition for EDF job sets.

Condition IV (EDF Feasibility Condition for Time-Allocation
Tuples).

For any re R; and d € Ds (wherer <d),

Z a; <d —r.

J/Irg,dy1clrdl

Now the voltage scheduling problem can be reformulated as follows:

Find a time-allocation tuple A=(a1, as, . . ., a|7)) such that E(Sa) is min-
imized subject to Condition III (or Condition IV for an EDF job set).

The energy consumption of the voltage schedule S can be computed directly:

|71
E@Sy=) ai- Plci/ay). (10)
i=1

The set of feasible time-allocation tuples represents the solution space for
the voltage scheduling problem stated in terms of time-allocation tuples. For an
EDF job set, the solution space is specified by a conjunction of linear inequalities
that can be directly obtained from Condition IV. However, this is not the case for
a fixed-priority job set; the existential quantifier in Condition III is not always
removable. Consequently, the solution space for an EDF job set is a convex set
while the solution space for an arbitrary fixed-priority job set may not be a
convex set.

Before we present an intractability result for the voltage scheduling prob-
lem in the next section, we illustrate the inherent complexity of fixed-priority
voltage scheduling based on the results explained in this section. Figures 5(a)
and (b) show the solution spaces for an example EDF job set and an example
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fixed-priority job set, respectively. As a fixed-priority job set, we use the job
set {J1, J2} of Figure 1. As an EDF job set, we use the same job set {1, J5}
in Figure 1 with the same timing parameters, but the priority assignment is
changed such that it follows the EDF priority assignment, that is, pj, < pJ,.
For the EDF job set, we have the following constraint:

a1<dj, —ry AN ax=<dj,—ry, A a1tag=<dj —ry,
Similarly, we have the following constraint for the fixed-priority job set:

a1<dgj, —rg, N ag<rg —ryj, (Figure 1(b)) v
a1<dg,—rjg, N a1+as<dy, —ryg, (Figure 1(c)).

In Figures 5(a) and (b), the solution spaces for the EDF job set and the
fixed-priority job set are depicted as a convex region and a concave region, re-
spectively. (Each point in the shaded regions represents a feasible schedule.) In
general, the solution space of any EDF job set with N jobs is represented by a
convex set in RV, whereas the solution space of a fixed-priority job set is repre-
sented by a concave set. Note that for EDF job sets, the objective function, the
total energy consumption, can be efficiently minimized by an optimization tech-
nique for a convex set (as in Yao’s algorithm). However, optimization problems
defined on a concave set are generally intractable.

4. INTRACTABILITY RESULT

In this section, we present some observations related to the complexity issue of
the optimal fixed-priority scheduling problem. We first show that the decision
version of the problem is NP-hard.

THEOREM 4.1. Given a job set J and a positive number K, the problem of
deciding if there is a feasible voltage schedule S(t) for J such that E(S) <K is
NP-hard.

Proor. Without loss of generality, we assume that the energy consumption
(per CPU cycle) is quadratically dependent on the processor speed. That is,
the instantaneous power consumption (per time) is cubically dependent on the
processor speed, that is, P(¢) =S(#)3. (The reduction can be easily modified for
other power functions.) We prove the theorem by reduction from the subset-sum
problem, which is NP-complete [Garey and Johnson 1979]:

SUBSET-SUM
INSTANCE: A finite set U, a size s : U = Z*, and a positive integer B.
Question: Is there a subset U' C U such that ), _y s(w)=B?

Given an instance (U (= {uq,...,uuy}), s, B) of the subset-sum problem, we
construct a job set 7 and a positive number K such that there is a voltage
schedule S(¢) of J with E(S)<K ifand only if 3U' CU, >, sw)=B. The
corresponding job set 7 consists of 2 - |U| + 1 jobs as follows:

T ={J1,J2, ..., Joqu+1}
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where
pj =1 forall 1<i<2.-|U|+1,
i i
rJz.i+1 = S(ui+1)+ Z 3s(uj)7 rJz.H_z: Z 3S(uj)7
j=1 j=1

i+1 i
dJ2<i+1 = Z 3- S(uj)’ dJ2~i+2 =2-s(uiv1) + Z 3. S(uj)’

j=1 j=1

Cdyiy = 8-y -8Wis1), ¢4y, =8-5(uy1) forall 0<i<|Ul -1,

and

i
3
Fdyun = 0, Ay =B+ Z 3-s(u;), crpy., =vV4- B,
Jj=1

409

where y is the unique positive solution of the following quadratic equation:

4 1
2 _

Furthermore, K is set to be
)/3 U]
K= (83+4-83) ; s(u;) +2- B.
From the construction of 7, we have

Tdsive < Toin (= T Jsit0 + S(ui+1)) < szi+2 (= T Jsii1 + s(uiJrl))
< dJ2~i+1 (:szsz +S(ui+1))’
[rJQ-i+2’ sz-iH] - [rJz-\Um’ dJZ\UHl] forall 0<i<|U—-1

and
Pdiser Q] O [Pyyinrduyy ] =9 forall 0<i#i'<|U -1
Let « : {0, 1}Vl = 77 be a function defined by
K((br, bz, .., bu) =(f1, f2, > fiz)
where

feiv1=day,.,, foire=rg,,,, if bi41=0,
foiv1= foire=dg,,,, if b1=1 forall 0<i<|Ul -1,

and
f2|UH’1 = dJZ\UHl .
Then, the set of essential job sets of 7 is given by
{TFIf=k(D), be{0, 1)V},
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To compute the energy consumption of an essential job set by Yao’s algorithm
[Yao et al. 1995], we first compare the intensity of each interval. Let

Il _ Cdoiro , 12 _ Cip1 ,
T Jyiv1 — Taise dJZ-i+1 T
CJ,. Cdpipy T Cy;
I — 2.i+1 , I — 2:i+1 2:0+2
’ dJZ-i+2 Ty ! dJZ-i+2 T Ty
and
Cdoui1
I; =",
"B+t
Then, we have
8 - s(uit1) 8-y -s(ujt1) 3 J4-B
H=—"=8>=—"—_———""—4. 2> V4> 1I5=
! s(uiy1) -5 2 s(u;s1) y=e= ~ 15 B+§
and
(1 - s(u; cy sy
1428 1+y) S(uH)=4+4-y>13=M=8.y>15.
2 - s(uir1) s(uiy1)
So the energy consumption of S;,ﬁ for £ =« ((by, bo, . .., bjy))) can be computed as
follows:
. U]
E(Sy)=> Ei+EL
i=1
where
3 8-sw;)? 8-y -sw))?
817 8) sw) (= , ‘ bi =0,
B ( T4 ) st ( swr @ swu)? )
)l a+y?® (8-(1+y) sw))
- . 8 . i = bi = 1
4 s 2 sw))?
and
4. B3 c?fz Ul+1
- ' ( _ . )
(B+ >21 bi-s(u;))? (B+ >, bi-dy,, , —dj,))?

Since we have

1 3 1+3- 3.y2 3
(_‘_Ty) .83 .S(ui) = + 14 +4 Y +y . 83 'S(ZLi)
. . 83 3
_ 1+3 (1+4i(3 8)N+y 83 s(uy)

3
— (80478 st st
we can rewrite £ (S(;ﬁ) as follows:

3 U] 4.33
E(S(‘)Z)ft) = <83 + VZ . 83) . ZS(U;‘)'FDC + m
i=1
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where
U]

x= Z b; - s(u;).
i—1
U]

It can be easily shown that E(S;)th) has the minimum (8% + 2 -8%). 1% s(u) +
2.B (= K) at x=B. That is, E(SJ,) <K if and only if

|
3 (b1, by, .., b € {0, BV, by - sw) =B,
i=1
which is equivalent to

Ve, ) sw=B.
uel

It is obvious that the transformation can be done in polynomial time. Therefore,
the problem is NP-hard. O

From the NP-hardness proof, the problem seems unlikely to have polyno-
mial time algorithms that compute optimal solutions. The NP-hardness of the
problem strongly depends on the fact that extremely large input numbers are
allowed, as with some other NP-hard problems (e.g., the subset-sum problem
and the knapsack problem [Garey and Johnson 1979]). The NP-hardness in
the ordinary (but not strong) sense does not rule out possibility of existence
of a pseudopolynomial time algorithm or an FPTAS. Since our problem is an
optimization problem that handles real numbers, we focus our attention on the
FPTAS in the next section.

5. AFAST APPROXIMATION SCHEME

In this section, we present a fully polynomial time approximation scheme (FP-
TAS) for the problem. We first consider a dynamic programming formulation
that always finds the optimal solution, but may run in exponential time. Then,
the dynamic programming formulation is transformed into an FPTAS by us-
ing a standard technique, the rounding-the-input-data technique [Woeginger
1999]. The technique brings the running time of the dynamic program down
to polynomial by rounding the input data so that sufficiently close input data
are treated by a representative data [Sahni 1976]. The relative error of an ap-
proximation scheme depends on how we define the closeness; the smaller the
threshold value for the closeness, the smaller the relative error. For a smaller
error bound, however, the computation time becomes longer.

5.1 Algorithm for Optimal Solutions

We first present an exponential-time optimal algorithm based on the properties
of optimal voltage schedules described in Section 3. The exponential-time algo-
rithm essentially enumerates all the essential job sets. However, unlike Quan’s
exhaustive algorithm [Quan and Hu 2002], it enumerates the essential job sets
intelligently without actually enumerating all of them. Furthermore, it is based
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Fig. 6. An example illustrating the optimal algorithm. (a) An original job set; and (b) an es-

sential job set defined by a |J|-tuple f=(f1, f2,..., fN-3, [N-2, [N-1, [N)=(d3,d2,...,dN_1,
rN_3,’N_3,7"N_3). Jobs in each subinterval between the thick dashed lines follow the EDF pri-
ority assignment and can be optimally scheduled by Yao’s algorithm.

on dynamic programming formulation so that it can be easily transformed into
an FPTAS by the standard technique.

In formulating the problem by dynamic programming, we first identify ap-
propriate “overlapping” (or reusable) subproblems to which dynamic program-
ming can be applied iteratively. We note that the “optimal substructure” of our
problem is naturally reflected by blocking tuples, which are just sequences of
time points in 77 in strictly increasing order. (We formally define the blocking
tuples later in this section.) That is, the optimal solution of the original problem
can be built by just merging the optimal schedules of the subintervals defined
by a blocking tuple. Figure 6 shows an example job set and its corresponding
EDF-equivalent job set whose time interval is partitioned by a blocking tu-
ple ry,rn_3,dN_1,...,72,d2), which is depicted by a set of the dashed thick
lines in Figure 6(b). Note that jobs in each subinterval follow the EDF-priority
assignment.

The original problem is partitioned into subproblems by partitioning the
overall time interval into subintervals such that jobs in each subinterval follow
the EDF priority assignment. If a job is released within a subinterval with its
deadline outside the subinterval, the deadline can be modified to the end of the
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subinterval. Each partitioned interval can be optimally scheduled in polynomial
time by Yao’s algorithm [Yao et al. 1995]. The challenge is how to find the set
of subintervals whose optimal subschedules build an energy-optimal voltage
schedule.

5.1.1 Basic Idea: The First Example. We now explain the basic idea of
the optimal algorithm by describing the optimal algorithm on a simple but il-
lustrative job set J = {1, Js, ..., Jn} in Figure 6(a), wherer; 1 <r; <d; 1 <d;
for 1 <i < N. (Note that if the priorities of jobs are reversed, the job set fol-
lows the EDF priority.) For this job set, an essential job set 7¢ (such as one in
Figure 6(b)) is partitioned into J;, J5, ..., Jf such that each J¢ (1 <i <k) fol-
lows the EDF priority assignment and the union I; of execution intervals of jobs
in J¢ (i.e.,, I = Uy c ¢ [rs,ds]) does not overlap with I; (= Ugrege [rj,dg]) for
all 1 <i # j <k. To be more concrete,

forall 1<i<j<k, VJeJ5, J/ejj‘idJ <rjg.

Therefore, the optimal voltage schedule S,;ft of J¢ is equal to the concatenation
of the optimal voltage schedules of ¢, that is,

e Ze
STt = @ Syn@).

Note that Sii can be directly computed by Yao’s algorithm [Yao et al. 1995]
since J° follows the EDF priority assignment. Therefore, the energy-optimal
fixed-priority voltage scheduling problem is further reduced to the problem of
finding a partition that gives the energy-optimal voltage schedule for the whole
time interval.

In defining a partition, we use a blocking tuple. For example, assume that
fn is selected as ry_3 as in Figure 6(b). Then, both fx_; and fy_o should be
selected as ry_3, so that the job set becomes EDF-equivalent and, furthermore,
essential. As shown in Figure 6(b), these three jobs are separated from the
other jobs by a thick vertical line at time ry_3. These jobs constitute the first
partitioned job set 7. The remaining job sets J5, ..., Jf can be constructed by
applying the same argument. In this way, any essential job set can be parti-
tioned and represented by a blocking tuple.

Letb=(b1,bg,...,b)(b1 <bs < --- <b;,bj € T7) be a blocking tuple where

V1i<j <l,3dJ; s.t. bj =r; A bj+1 <d;.
Then, the corresponding EDF-ordered | 7|-tuple f=(f1, f2, ..., fn) is given by
fr=0b; st. rpelbj_1,b;) forall 1<k<N.

We call such [b;_1, b;] an atomic interval. For example, the intervals [ry, ry_s]
and [ry, dy] in Figure 6(a) are atomic, but the interval [ry, dy_1] is not atomic.
(Later, we will formally define the term atomic interval in arbitrary job sets
other than this example.) Let ¢, be the hth earliest time point in 7’7, and let
Sh,¢ represent the energy-optimal voltage schedule defined within [z, £,] for
the job set 73 o defined by

jh,g = {6]l/| rJi € [tha tg)}
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where
rp =rj,cJj =CJ, pJ =pJ, and dg = min{d,tg}.

Then, we have

B-1
E(Sc%t) = E(81,1,) = min ZE(Shj,h_,-H)H =hi<hy< - <hp=|J|

j=1

and

(th;,th,,,] is atomicforall j =1,...,k —1}.

Given an atomic interval [t;,, ts;,,], Sk, n,,, can be directly computed by Yao’s
algorithm. In this way, the optimal voltage scheduling problem is reduced to a
variant of the subset-sum problem. That is, for such job sets as in Figure 6, our
problem can be formulated as follows:

Select a tuple (h1, ke, ..., h;) (1 =hy < --- <hp = |J|) of integers such that
the sum

Qhihy + Qhohy + 0 T Qhy gk

is minimized subject to [¢p,, 3,
denotes E(Sp; »

..1] 1s atomic for all 1 < i <k, where gy, »,.,,
) (which can be directly computed by Yao’s algorithm).

Jj+1

5.1.2 Basic Idea: The Second Example. The example job set in Figure 6
is illustrative in showing how our problem can be formulated by dynamic pro-
gramming. However, the easily partitionable structure comes from the fact the
job set follows the “reverse” EDF priority. For example, in Figure 6, since fy is
set to be ry_3, which is within the execution intervals of Jy_1 and Jy_g, fN_1
and fy_g cannot be larger than fx (or ry_3) so that the modified job set should
be EDF-equivalent. Furthermore, fy_1 and fny_g are set to be the maximum
possible value, fu, for the modified job set to be essential.

If the priority pattern is not the same as the example job set in Figure 6, the
partitioning becomes difficult. For example, the essential job sets in Figures
3(c) and (d) cannot be obtained by the partitioning procedure just explained.
In Figure 7(a), J4 has the lowest priority and the latest deadline, which makes
f4 to be d4 for all essential job sets (Figures 7(a)-(c)). Therefore, any atomic
interval (e.g., [r3, r1l, [r1, d1], or [r3, d3]) contains partial workload of /4, which
we call a background workload. In the following, we first explain how to extend
the dynamic programming formulation to handle the background workload.
Then, we describe how to explore essential job sets of a given arbitrary job set
(as in Figure 3) by dynamic programming.

From Lemma 3.7, the job /4 in Figure 7 runs at the same speed if the voltage
schedule is an optimal one. For the time being, let us assume that the constant
speed is among S¢ = {s1, Se, s3}. (For now, Sc is set to be the set of all the possible
constant speeds in the optimal voltage schedule. In Section 5.2, we explain
how the set Sc is selected such that the size of S¢ is bounded by a polynomial
function.) For each s; € S¢, we first compute the amount of background workload
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| | |
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Fig. 7. An example of background workload.
1 I I 1
| 5 | |
| £ | f
I ; | ; [
K o onRton d, t
(a)
swa S04 S04 so soa sw
S31 §31 §31 S31 S3 S3
S S $ $ DRS $
ry n n T n d, T n n n T n H, T n n n T n d; T
(b) (©) (d)

S04 S04 swa | ‘ | ‘
S31 | | | | $31 I | 1 1 $3 1 I
s o s Bl L]
S o 7w:7 51w W w: w: sibow o Ggw w w :“’ :

T ’\ n "’1 t.ll (’l, t n "\ n ;l Jl {‘I, t n 3 n n d, d, !
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Fig. 8. An example illustrating the algorithm on a job set with background workload; (a) atomic
intervals (obtained from the job set in Figure 7(b)). The optimal schedules for two atomic inter-
vals where the speeds of background workload of /4 are (b) s, (¢) sg and (d) s3, respectively. The
voltage schedules for overall time intervals where the speeds of J4 are (e) s1, (f) s9, and (g) s3,
respectively.

of J, for each atomic interval, and then find the minimum-energy essential job
set (among those in Figures 7(b)—(d)) by using the similar procedure to the
previous case in Figure 6. However, unlike the previous case, we discard any
job set for which the sum of background workloads executed in overall time
interval is less than the total workload of Jy.

Figure 8(a) shows the atomic intervals [r3, r1] and [r1, d1], which are obtained
from the essential job set in Figure 7(b). Figures 8(b)—(d) show the optimal
voltage schedules for the atomic intervals, where J4 runs at the speed s1, so, and
sg, respectively. The workloads of jobs ¢/1, Js, and J3 are denoted by ¢y, co, and
cs, respectively, and the background workloads are denoted by w. The amount
of the background workload (and the resultant optimal voltage schedule) for
each atomic interval and speed can be easily computed by a slightly modified
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L forqa = digygy,
2: bs = (d’rliu\z
3: for (i:=|J]-1to1)
4: let 7" be {Jg-1(y| i <k <|J| Ao (k) <o (i) }
5: if (r_,rlm >min({r;|J € J8}uU {‘)“671(,4”})) return FALSE
6: else fo1(;) = min({fc,l(,,rl).d,rlm}U{11,|Je 7HY)
7: end if B
8: if (fo-1) < 1nin{r‘,071(”| i<k<|J|}) append Jo-1(; onto the head of b
9: end if
end for

= e

append min Ry onto the head of bg

Fig. 9. The algorithm to build a strongly blocking tuple from a | 7|-permutation.

version of Yao’s algorithm [Yao et al. 1995]. That is, when the critical interval is
selected, if the speed to be assigned (by the intensity of the critical interval) is
less than or equal to the speed of the background workload, we assign the speed
of the background workload to all the unscheduled time intervals (including
the critical interval). Then, the amount of background workload can be directly
computed as in Figures 8(b)—(d).

Once the background workload and the optimal voltage schedule are com-
puted for each atomic interval, we apply the same procedure as in the job set in
Figure 6 to find the minimum-energy essential job set and the energy-optimal
voltage schedule. In exploring the solution space, we should discard any in-
feasible schedules. Figure 8(e) shows an infeasible schedule, where J4 runs at
s1 and cannot complete its execution until its deadline. The voltage schedule
in Figure 8(g) is feasible, but not an optimal one. Thus, only the schedule in
Figure 8(f) is not removed in the pruning procedure and is compared
with another schedules obtained from the essential job sets in Figures 8(c)
and (d).

5.1.3 Putting It Altogether. We now describe the optimal algorithm for ar-
bitrary job sets based on the observations from the example job sets. First, we
formally define the terms strongly atomic interval and strongly blocking tuple.
Given a valid | J|-permutation o, the algorithm in Figure 9 builds the corre-
sponding strongly blocking tuple b, =(b1, b2, ..., bz), where by <by < --- < by,
and b; € T; for all 1<i<k. The algorithm is identical to the algorithm in
Figure 2 except for lines 2, 8, 9, and 11. In line 8, f,-1; is selected as an ele-
ment of a strongly blocking tuple if it partitions the execution interval.

Definition 5.1. Given a valid | J|-permutation o, the tuple b, built by the
algorithm in Figure 9 is called a strongly blocking tuple. An interval [¢,¢'] is
strongly atomic if there is a strongly blocking tuple b = (b4, bo, ..., b;) such that
[t,t'] = [b;, bi+1] for some 1 <i < k. Furthermore, the job set Jj; ¢ is defined by

Ten={J'|J eT,rgelt,t)}
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[Ty =A{t1,t2,--- N} ¥/
1: foreach (strongly-atomic interval [1;.7;])
j[f/

2: 8ij ::E(S(\pt‘v])
3: end foreach
4: Vi={vi,va, - ,vn}
5 E :={(vi,v;) | [t,t;] is strongly-atomic}
6: foreach ((v;,v;) € E) w((v;,v;)) :==g;; end foreach /*weightof edges */
7: Find the shortest path from v; to vy in G =(V, E). /* Note that G is acyclic. */
/¥ The shortest path = (g, ,Vg,, Vg, ) (Vg =V1,Vg,=Vn) */
8: return 1§ Tagayn|
. =1 opt

Fig. 10. An exponential-time optimal algorithm based on strongly atomic intervals.

e oty 1= Ay

z b = (dryy

3: for (i:=|J]—-1to 1)

4: let % be {J5-1| i <k <[I] Ao (k) <o (i) }

5: if (17, = min({rsl € T1}U{f-1(41)})) return FALSE
6: else fo1(;y = min({fr‘(z‘+1)~dfrlm}U{"JV e 7HY

7: end if

8: if (f5-1(7 < min{ry|re 99y append Jo-1(;) onto the head of by
9: end if

10: end for

11: append min Ry onto the head of by

Fig. 11. The algorithm to build a weakly blocking tuple from a |7|-permutation.

where
rg =rg,cjg =Cj,PJj =pdJ, and dJ/ = mln{dJ,t/}

is said to be induced by an interval [t,¢'].2

For the job set in Figure 3, not only [rs, o], [re, d2] (Figure 3(b)) and [r3, r1]
(Figure 3(c)) but also [r1, d2] (Figure 3(c)) and [r3, d3] (Figure 3(d)) are strongly
atomic. Note that the intervals [ry, ds] and [r3, d3] are not covered by the previ-
ous definition in Section 5.1.1. Furthermore, (3, g, d2) (Figure 3(b)), (rs, r1, d2)
(Figure 3(c)), and (rs, d3) (Figure 3(d)) are strongly blocking tuples.

Figure 10 shows an optimal algorithm that is based on strongly atomic in-
tervals. The correctness of the algorithm is proved in Appendix A.1. The al-
gorithm may work efficiently for some job sets (e.g., the job set in Figure 6).
But the running time may not be bounded by a polynomial function; for the
job set in Figure 7, there is only one strongly atomic interval [r4,d4] and
the algorithm cannot but enumerate all the essential job sets. Furthermore,
the algorithm does not have a structure suitable to be transformed into an
FPTAS. So we consider another optimal algorithm based on weakly atomic
intervals, weakly bounding tuples, and the background workload. First, we
formally define the terms based on the algorithm in Figure 11, which is

3[¢, '] is not required to be strongly atomic.
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identical to the algorithm in Figure 9 except for the boxed code segment
(line 8).

Definition 5.2. Given a valid |J|-permutation o, the tuple b} built by the
algorithm in Figure 11 is called a weakly blocking tuple. An interval [¢,¢'] is
weakly atomic if there is a weakly blocking tuple bY = (b4, bg, ..., b;) such that
[¢, '] =1[b;, bi11] for some 1 <i < k. Furthermore, the job set Jj; ;v is defined by

TJer={J|JeT,rgelt,t)N@IweT, ps, <ps Arg,=t' Andgelrg,ds))}
where

rg=rg,cg =cg, pg=pg, and dg = min{dg,t'}
is said to be weakly induced by an interval [¢, ¢'].

Furthermore, given a weakly blocking tuple b" = (b1, bg, .. ., b;) and the cor-
responding EDF-equivalent job set 7', any job in J' — Ulj;}j[bj’bm]w is called a
background job with respect to the weakly blocking tuple b". The workload of
background jobs is called background workload.

Based on weakly atomic interval, we construct another optimal voltage
scheduling algorithm. Figure 12 shows the optimal algorithm that is based
on the dynamic programming formulated by weakly atomic intervals. The al-
gorithm identifies weakly atomic intervals and computes the optimal schedule
for the weakly atomic interval. (Note that jobs in a weakly atomic interval
follow the EDF priority assignment.) In computing the optimal schedule for
a weakly atomic interval, we consider the background workload, that is, the
algorithm computes the optimal schedule for each candidate background speed
in S¢. Given a job set 7, the algorithm first computes the set S¢ of candidates
for the speed of background workload. For the optimal algorithm, the set S¢ is
set to be

cJJ
Sc= k-1
Zi:o (tP2i+2 - tp2i+1)

It is obvious that the speed of the background workload in an optimal voltage
schedule is included in S¢. (In the FPTAS presented in Section 5.2, the set
S¢ is selected such that the size of S¢ is bounded by a polynomial function.)
Given the optimal schedules of weakly atomic intervals, the algorithm searches
the minimum sum of the energy values of the weakly atomic intervals. The
correctness of the algorithm is proved in Appendix A.2. The worst-case running
time of the algorithm is not bounded by a polynomial function, but it can be
easily transformed into an FPTAS.

T CT, ti<ta< - <tpy,tj eTJ}.

5.2 Approximation Algorithm

First, we prove a miscellaneous property that is useful in bounding the error of
our approximation algorithm.
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procedure OPTIMAL_VOLTAGE_SCHEDULE (J)

AN

® 2D

10:
11:
12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:
23:
24:
25:

26:
27:

[¥Ty =A{t1,t2,--- .n}» Sci={s1,82,-- s} ¥/
foreach (s €S¢)
V= {vi.,v2,---, o}
E :={(vi,v}) | [t;.tj] is weakly-atomic}
foreach ((v;.v;) € E)

»711.1, -71,./, y .
w((vi,v))) 1= W (max{Sope ().} [1:15]) =W St (0).[1.1)]) /* weight of edges */

end foreach
Find longest paths between all pairs of vertices in V. /* Note that G is acyclic. */
foreach (1 <i< j<N s.t. [f,t j] is a concatenation of weakly-atomic intervals)
/¥ The longest path from v; to v; = (vg,, Vg, Vg,)
¢ := the weight of the longest path from v; to v;.

-1 j|’z//-1z/7¢1\
E;jlc] := E(;,_; max{ Sopt (1), s}, [ti])

end foreach
end foreach
for(i:=1toN—1)
for (j:=1toN—1i)
Ejjii=oo"
for (k:= j+1to j+i)
¢jjrik =CUI €% | ry € [tjti) Ady € [txtj4i]})
Ejjvik=Ejrlcjris) +Erjyi
j|;,_y‘\|“’ [('/./H.A]

if(Ej__H_,' > E./‘_j+i_k and Sopl
E./«./“ = E_,'__,'_H;/‘- N h:=k
end if
end for
bjjri = {t}UbjUby
end for
end for

is feasible for 7, , w U{J € T8|[ry,d)) C [yt

-1 B
Y=t T YT

FEiy = ESqgy) and g = Son where byy = (by,by,-,by) ¥/
Topt == U;I;ll ,7[,,/",,/" v Y 9% where by = (b1,b2,-+- ,by)

return 50{,“"" /% Jopt is an EDF job set. So, 50{3‘["" can be directly computed by Yao’s algorithm */

end procedure

Fig. 12. An exponential-time optimal algorithm based on weakly atomic intervals.

LEmMa 5.3. Given a function P : Rt = Rt and a constant 0 <¢ <1, if

e-log2
0 14— - "2 .
sri=Xs < + max{n(x)|x > 0}) 1

where

P'(x)
Px) ©
then P(xg)<(1+¢)- P(xq).

n(x) =

Proor. From the condition, we have

(1D

¢ -log2 ) ¢ -log2

1 —1 1 1 '
ogx —logx; < 0g< + max{n(x)x > 0}

max{n(x)|x > 0}
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Let y; = logx; and ys = logxs. Then we have
log P(xe) — log P(x1) = log P(e”?) —log P(e”?)
d(log P(e?))
< (y2—y1)-max{ ———— .

dy
From (11) and

d(log P(e¥)) P'(e”)
dy ~ P(eY)

eV = n(ey),

we have
e-log2

log P(x2) —log P(x1) < max{n(x)|x > 0}

-max{ n(x)|x >0} =¢ - log 2.

It follows that
P(x9) <e®1%82 . P(x1) <e!®1+9) . P(x1)=(1+¢) - P(x1). O

For a power function P(s) =« -s", we have n(s) = n. In the following, we use pp to
denote log 2/max{n(x)|x > 0}. From Lemma 5.3, we can construct an FPTAS as
in Figure 13. The FPTAS is slightly different from the algorithm in Figure 12.
To bring the running time down to polynomial, we use S, instead of Sc:

S¢={min{Sc} - (1 +¢-pp)Ik=0,1,...,1
where
min{Sc} - (1 +¢- ,()p)l’1 < max{Sc} < min{Sc} - A +¢- ,Op)l }

THEOREM 5.4. APPROX_VOLTAGE_SCHEDULE is a fully polynomial time approx-
imation scheme for the voltage scheduling problem.

Proor. Let s; and sg be elements of S, such that s, =s1 - (1+¢ - pp). Given

a weakly atomic interval [t;,¢;], we have for ¢; <t <t¢;:

max{ Optt (@), sz} 5(1+e-pp)~max{ o;ié (@), sl}

Thus, from Lemma 5.3, we have for ¢; <¢ <¢;

P(max{ Sip), 32}) g(l—l—e)-P(max{ Sp), 31})

which implies

E (max{ S g, 82},[ti,tj]) <(1+¢)-E (max{ St g, sl},[ti,tj]).

Let us compare E; ;[c'] in line 21 of APPROX_VOLTAGE_SCHEDULE and E ; 1 [c;, ;+i 1]
in line 18 of OpTIMAL_VOLTAGE_ScHEDULE. Let s’ and s be the corresponding el-
ements in S and Sc, respectively. Then, from the definition of S;,, we have
8 <1 + ¢ - pp) - s, which implies E;;[c'] <(1 + ¢) - E;1lc; j+ix]. Therefore,
Ein<1+e¢)- E(Sopt)
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procedure APPROX_VOLTAGE_SCHEDULE (7,¢€)
Ty ={t.t, i} *
/* Se = {min{Sc}- (1+ 8 [k =0,1.- -, [log,, 5(max{Sc}/min{Sc})] where § =& pp*/

1: Initialize C; j := {} for 1 <i < j<N.
2: foreach (s €S(.)
3: Vi={vi,v2,--,w}
4: E :={(v;,v;) | [ti.t;] is weakly-atomic}
5: foreach ((v;.v;) € E)
6: w((1,7)) = W (maxd oy (). 5}, [ty — W (St (0. li17]) = weight o edges */
7: end foreach
8: Find longest paths between all pairs of vertices in V. /* Note that G is acyclic. */
9: foreach (1 <i< j <N s.t. [t;,;] is a concatenation of weakly-atomic intervals)
/¥ The longest path from v; to v; = (vg,, Vg, Vg,)
10: ¢ := the weight of the longest path from v; to v;.
11 E;jlc] = E (@) max{ 51‘ ©).5).lnt)
12: Ci_j I:C,'_jU{C}
13: end foreach
14: end foreach
15: for(i:=1toN—1)
16: for (j:=1toN—1i)
17: E./~./+i 1= oot
18: for (k:= j+1to j+i)
19: Cjjt+ik = C({J 6,7‘3 | ry € [[.,‘,tk) Ndj € [tk~,tj+i]})
20: ¢ :==min{c €Cjile >c¢j jrix}
21: Ej.j+i.k = Ej,k[Cl]-i'Ek_j_*_,'
22: if (Ej.j+i > Ej..,q,,'jg and
5{,{;"”*‘“ €L i feasible for T U €921lr.dy) € [11.15]))
23: Ejjri=Ejjyix » h:i=k )
24: end if
25: end for
26: bjjri={tn}Ub;;,Uby
27: end for
28: end for

FEiy < (14€)-E(Sey) */
29: Je = U;z;ll j[b.h-b.hﬂlw U 7% where biy = (b1,b2,--- ,by)

30: return 50{; /* 9. is an EDF job set. So, 50{5 can be directly computed by Yao’s algorithm */
end procedure

Fig. 13. The fully polynomial time approximation scheme.

Finally, since we have
IS¢l = 1+ logy .., (max{Sc}/min{Sc}) (12)
log(max{S¢}/ min{S¢})
¢ -log(1 + pp)
the running time is bounded a polynomial function of | 7| and 1/¢. O

< 24 (13)

6. EXPERIMENTAL RESULTS

In order to evaluate how the proposed FPTAS performs, we have performed
several experiments using the FPTAS described in Figure 13. For a comparison,
we also implemented Quan’s heuristic [Quan and Hu 2001], which is currently
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Table I. Experimental Results for Three Real-World Real-Time Applications

Normalized Energy CPU Time(s)
Applications MPEG4 | CNC | Avionics CNC | Avionics
No. of jobs 22 289 1372 289 1372
FPTAS
e =0.1% 1 1 1 || 44.71 | 4506.63
e = 0.5% 1.003 | 1.004 1.003 || 11.67 | 1021.48
e = 1.0% 1.006 | 1.008 1.007 6.12 631.15
e = 1.5% 1.012 | 1.013 1.011 5.16 512.32
e =2.0% 1.017 | 1.018 1.018 3.81 313.15
Quan [Quan and Hu 2001] 1.041 | 1.062 1.059 4.76 580.32

the best polynomial-time voltage scheduling algorithm for fixed-priority real-
time tasks. We compared the energy efficiency and computation time between
two algorithms.*

In our experiments, we assumed that the energy consumption is quadrati-
cally dependent on the supply voltage. For a given supply voltage V', the cor-
responding clock frequency f is proportional to (Vpp — Vrn)*/ Vpp, where Vg
and « are assumed to be 0.5 V and 1.3 [Sakurai and Newton 1990].

We constructed test job sets from periodic task sets of three real-world ap-
plications: MPEG4 Videophone [Shin et al. 2001], CNC [Kim et al. 1996], and
Avionics [Locke et al. 1991]. Table I summarizes the experimental results for
these job sets. In each experiment, the execution time of each job (i.e., task in-
stance) was randomly drawn from a Gaussian distribution® within the range of
[WCET/10,WCET] of each task. Results were normalized over the energy con-
sumption of each application scheduled by the proposed FPTAS with ¢ =0.1%.
As shown in Table I the FPTAS outperforms Quan’s algorithm, spending rea-
sonable CPU times. In the experiments, actual errors were always less than
given ¢’s. (We omit CPU times for MPEG4 Videophone because they are less
than 0.1.)

We also performed experiments using synthesized job sets with the varying
number of jobs from 50 to 1600. We conjectured that one of the key parame-
ters affecting the performance of Quan’s algorithm is the degree of interference
among jobs. Since the degree of interference is mainly dependent on the lengths
of the execution intervals of the jobs, we generated three classes of job sets as
follows: for the first class of job sets (Class 1), the release time and the length
of the execution interval of a job are selected under the uniform distribution
within [0,1000] and [50,100], respectively. The workload of each job was ran-
domly selected from a uniform distribution within [0.2, 1.0]. (Note that it is
sufficient to consider only the relative values of workloads, since the maxi-
mum processor speed can be always appropriately adjusted.) For the second
class of jobs (Class 2) and the third class of jobs (Class 3), we used [100,300]
and [300,500] (instead of [50,100]) for the length of the execution intervals,

4We have implemented the exhaustive optimal algorithm by Quan and Hu [2002] as well for ex-
periments. This algorithm, however, takes an excessive amount of time. For example, it took more
than a day when N =25. Therefore, we cannot include the experimental results for this algorithm.

5With the mean m = w and the standard deviation o = w.
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Table II. Experimental Results for Synthesized Jobs (Class 1)

Normalized Energy

Job sets T J2 J3 J4 I5 Js
No. of jobs 50 100 200 400 800 | 1600
FPTAS
e =0.1% 1 1 1 1 1 1
e =05% 1.003 || 1.003 | 1.004 | 1.004 | 1.003 | 1.003
e =1.0% 1.008 || 1.007 | 1.009 | 1.009 | 1.008 | 1.009
e =15% 1.013 1.012 | 1.012 | 1.014 | 1.014 | 1.014
e = 2.0% 1.016 || 1.016 | 1.019 | 1.018 | 1.019 | 1.019
Quan [Quan and Hu 2001] || 1.044 || 1.047 | 1.051 | 1.054 | 1.052 | 1.071
Table III. Experimental Results for Synthesized Jobs (Class 2)
Normalized Energy
Job sets T T2 J3 J4 I5 Js
No. of jobs 50 100 200 400 800 | 1600
FPTAS
e =0.1% 1 1 1 1 1 1
e =05% 1.004 | 1.004 | 1.003 | 1.004 | 1.003 | 1.004
e = 1.0% 1.009 | 1.007 | 1.007 | 1.008 | 1.009 | 1.009
e =15% 1.013 | 1.012 | 1.014 | 1.014 | 1.013 | 1.014
& = 2.0% 1.018 | 1.016 | 1.018 | 1.018 | 1.019 | 1.019
Quan [Quan and Hu 2001] || 1.055 | 1.062 | 1.070 | 1.079 | 1.103 | 1.127
Table IV. Experimental Results for Synthesized Jobs (Class 3)
Normalized Energy
JOb sets jl L72 jg j4 J5 JG
No. of jobs 50 100 200 400 800 | 1600
FPTAS
e =0.1% 1 1 1 1 1 1
e =05% 1.004 | 1.004 | 1.004 | 1.003 | 1.004 | 1.004
e = 1.0% 1.009 | 1.007 | 1.007 | 1.009 | 1.008 | 1.009
e =15% 1.014 | 1.013 | 1.014 | 1.013 | 1.014 | 1.014
e = 2.0% 1.018 | 1.017 | 1.019 | 1.018 | 1.019 | 1.019
Quan [Quan and Hu 2001] 1.094 | 1.114 | 1.121 | 1.134 | 1.142 | 1.137

7. CONCLUSIONS

We investigated the problem of energy-optimal voltage scheduling for fixed-
priority real-time systems implemented on a variable voltage processor. First,

423

respectively. Note that Class 1, Class 2, and Class 3 correspond to job sets with
low, medium, and high degrees of interference among the jobs. Tables II, III,
and IV show the experimental results for Class 1, Class 2, and Class 3. As
shown in tables, in general, the higher the degree of interferences becomes, the
larger the improvement of our algorithm over Quan’s algorithm.
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we proved the NP-hardness of the problem. Our complexity analysis provided
an important new insight into the problem.

Knowing the NP-hardness of the problem as the best practical solution, we
described a fully polynomial time approximation scheme for the problem. That
is, for any ¢ > 0, the proposed approximation scheme computes a voltage sched-
ule whose energy consumption is bounded by (1 + ¢) times that of the optimal
voltage schedule. Furthermore, the running time of the proposed approximation
scheme is bounded as well by a polynomial function of the number of input jobs
and 1/¢. Experimental results show that the proposed approximation scheme
runs sufficiently fast even for a small error bound (i.e., 0.5%).

While the proposed approximation scheme is efficient for general fixed-
priority job sets, the proposed scheme can be further extended in several di-
rections. For example, we are interested in devising more efficient algorithms
for more specialized job sets such as job sets from periodic task sets. In addition,
we plan to modify the proposed approximation scheme to work under a more
realistic processor model with a limited number of voltage levels and voltage
transition overheads.

APPENDIX: PROOFS

A.1 Proof of the Correctness of the Algorithm in Figure 10

We first prove some properties on strongly blocking tuples and strongly atomic
intervals. Note that for an interval [¢,#'], I Fein S [£,t] since t <ry<dj <t
for all J € Ji 1. Therefore, for a strongly blocking tuple b=(b1, bs, ..., b)),
L, > Xy 10 - - - » L, 4, @T€ disjoint. Now, we prove that a job set can be par-
titioned by strongly blocking tuples as with the job set in Figure 6, so that the
formulation described in Section 5.1.1 can be extended to cover arbitrary job
sets.

LEMMA A.1. Given a job set J and an essential | 7J|-tuple £, Jf = U];-;ijj,
where by, = (b1, be, ..., by) and J; is an EDF-equivalent job set of Jip; »;.,1 for all
1<j<k.

j+1

Proor. LetJf={J},dJ;,..., J/7}andlet J; = {J] € jf|r£,/(=rJl)e [bj,bj+1)}.
Then, {J1, T3, . .., Jp—1} forms a partition of Jf, that is,
Jt= Ul and gingp =0 foralll<j # j' <k.

Thus, it suffices to show that J; is an EDF-equivalent job set of Jjp, 5,,,1 for
all 1<j <k. Let ij = max{ i|f,15)=5;} for all 1<j <k, and suppose that
dj >bj41 for ajob J € J;. Then, we have o(l) > i;1, since

forrean=fi=dgy >bji1= fo-14;,0)-
From line 8 of the algorithm in Figure 9, we have

k=0 () (>ij21) _

bjt1=fo1i,p<min{ry , lijj<k<|JI}<rs | Jis
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which contradictsry; (=rj)€[b;, bj11). Therefore,d j € [b;, b; 1] forall J; € J;.
Furthermore, J; follows the EDF priority, since it is a subset of the EDF job
set Jt.

It remains to show that |7;| = |Jp,,,.,1| and there is a bijective function
o : Jib; ;.11 = Jj such that

V' € T, b;11s PJ' = Pa), €7 =Ca(gy  ADA T =To(). (14)
For the former, we have
\T;1 = ' € T Iry € lb), b}l = {J € TIrg € [bj, b0} =Tiv, b0
For the latter, we define « such that a(J’) = J” if and only if p; = pj-. Then, it

is clear that o is a bijective function and (14) holds. O

Ji .
Lemma A.2. Let Sit)= o' ! Sogtt’“] for r minR;=t;<ty< - - <tp=

max Dy (t; € Ty). Then, Sisa féaszble voltage schedule of J. Furthermore,

E©S)= ZE ( Sl ) 2B (S
Proor. Let u[to,t(r)](t) be defined by

1 o<t =< t(,)’
i) (£ = 0 otherwise,

Since Ij; ..,.,1 S [¢),¢j11], S is feasible if S(¢) - uy, ¢,,,1(¢) is a feasible schedule

of Jit; ¢;.,1 for all 1 < j <h. By definition, S(¢) - u[t tm](t) ;ﬁj ‘"1 is a feasible

schedule of Jj;, s,,,) forall1 < j <h. E(S)= Z E (Sopt Tyl ) holds trivially from
Ly, 0 C 25, t]+1] Finally, since S is feasible, E(S) > E(S pt) O

The following lemma implies how an energy-optimal voltage scheduling prob-
lem can be partitioned into subproblems.
LEmmA A.3. Let
k-1

E; = min E ( OPZ’ bj“]) |(b1, ba, ..., b) is a strongly blocking tuple. ; ,

>
=

M 3

Tt ot : .
E (S [tJ,2J+1]) |m1nRj=t1<t2< e <ty = maXDJ,tjeTj

E; = min opt

b
and
h-1

min E ( Optt’ tisal ) [l£;,tj+1] is a subinterval of a strongly atomic

Jj=1
interval forall 1<j < h}

Then E(S pt)_El —E2 E3 .
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Proor. Let

Tib: b
S; = {@’;;} SOIEI;J’I’J“] (b1, b9, ...,b) is a strongly blocking tuple.}

and define Sy and S3 similarly. Then, from Lemma A.2, E; = min{E(S)|S €S;}
for i =1, 2, 3. By definition, S; CS3 C Sy and consequently Es < E3 < E;. Fur-
thermore, E (S(‘Z)t) < E5 from Lemma A.2. From Theorem 3.3 and Lemma A.1,

S(;{)t € S1. Thus, we have E(Sai)t) > E1, which implies E(S(;Z)t) =E.=Ey=E3. O

From Lemma A.3, is is obvious that the algorithm in Figure 10 always com-
putes an optimal voltage schedule.

A.2 Proof of the Correctness of the Algorithm in Figure 12

We start with some lemmas to prove the correctness of the algorithm. First, note
that for an interval [¢, ¢'], I Tieow S I7,., Cl¢, ' since Jy; 41+ € Jit,e1- Therefore, for
a weakly blocking tuple b¥ = (b1, b9, ..., bg), Ij[blvszw, I‘jlbz’bsjw, R Ijlbkil’bklw are
disjoint.

LEmMMA A.4. Given a weakly blocking tuple b%, let j@ represent the set of
background jobs with respect to b¥. Then, j,fvlv = jl% for any weakly blocking
tuples bY and b}.

Proor. Let b} =(b1,bs,...,b;) and by =(b},b,,...,b;,). Assume that
J e J5 and ry € [bj, b;+1). From the definition of a background job, we have

1

k>j+1,ds>bj41, and py> max {erfJ/ € U;e;jl_’,l ~7[bl,bl+1]W} . (15)
Suppose that J ¢ ijvzv. From (15), we have
(6j+1,bj121 € (0,041 for rjelb), b, 1);
a contradiction. So j,fvlv c Jlffzv. Similarly, we have j,fg c Jlfflv. O

Lemma A.4 states that we can specify background jobs irrespective of weakly
blocking tuples. For the rest of this paper, we use 72 to represent the set of
background jobs.

LEmMma A.5. Given a job set J and an essential |J|-tuple f, let b‘j,"f =
(b1, b2, ..., by). Then, for any weakly atomic interval [b;,bj1] (1<j <k)anda
background job J, we have the following, assuming jobs are executed under S(;Z)t.
(a) djelbj,bji1): J completes its execution by b;.

(b) rjeldbj,b;1): J completes its execution by b; 1.
(c) [6j,b;11] S lrg, d ] executes its partial workload at constant speed.
Furthermore, for any interval [¢,¢t'1 S [b;, bj 1], Ty v ts an EDF job set.

Proor. Case(a)and Case (b) are obvious from the construction of the weakly
blocking tuple b};. Case (c) follows from Lemma 3.7. Finally, suppose that Jj; ;v
is not an EDF job set. Then, we have

3J, J € Ty st pg>py,dselry,dy),
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and the algorithm in Figure 11 selects r; (€ (b, b;11)) as an element of b}'; a
contradiction. O

From Lemma A.5, we characterize the optimal schedule in terms of weakly
atomic intervals, weakly blocking tuples, and background workload.

Lemma A.6. Given a job set J and an essential |J|-tuple f,
S = k 1 Sj/

opt opt (16)
where b}, = (b1, b, ..., b) and Jj = Tip; b;,11 Y {Jjb} such that

T =bj, dJ/;, =bj.1, pp= max{ps|J € Jpp,; p,.1} + 1, and

cJ.Jb :c? for.some c? >0.

Proor. From Lemma A.5, we have
{ob (7, Ssu@®),t) [t € [0, b40)} = Tip b, U T U T”
where
T ={J e€Trselbj,bj1)}
and
J"={J' e TP|bj,bj1] Slry,dsl}.
From Case (b) of Lemma A.5, Tio; byl Y J'=Jb;.b,,11, and from Case (c),
J" ={Jp). So, we have
SI®) - up, 5,.1t) = Say, forall 1< <k,

which is equivalent to (16). O

From Lemma A.6, the voltage scheduling problem is reduced to the prob-
lem of finding a weakly blocking tuple b" =(by, bo, ..., b;) and the amount
of background workload ng,bjﬂ] for each weakly atomic interval [b;,b;1].

To find the background speed s[lzj’bm] instead of the amount of background
workload makes it possible to exploit Lemma 3.7.

LEemMa A.7. Given a weakly atomic interval [t1, ta], let T = Tyt U {JP)},
where

rgp=t1, dp=ts, pp=max{pjld € T} +1, and cp =c§1,t2] (> 0),

and let s;} , | be the constant speed of J® under S;,i,t Then,
.7 J
. St P®) b st St @) >sh
Sopt®) =
P t t ‘7[11 tol (t)
s[h,tz] St Opt S[tl bl

Furthermore, s[lz ] strictly increases as cﬁl ] increases, and vice versa.

Proor. From Lemmas A.5 and A.6, both Jj, ) and J’ follow the EDF
priority and their optimal voltage schedules are obtained by Yao’s algorithm
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[Yao et al. 1995]. For an interval [¢], £,] C [¢1, £2] such that Sopt (t) > s[l?, 117> Y20'S

172
algorithm selects the same speed for S, Opt(zf). For the other intervals, S(;Z;t(t) =S8 b
since [t1, t2] C [er d gl.

Because W(Sopt, [t1, to]) strictly increases as s[t 5] increases, and c[t1 b =
WS Opt, [t1, 22]) — W(S(Jp“t1 2[4, ta]), c[t ) increases as sg’ 4, increases. Hence,
it follows that st 1, INCreases as CE 1, increases (and vice versa). O

Definition A.8. Given a job set 7 and background workload ¢, the job set
J with background workload c is defined as

Tl ¥ 7 U {(J*) where rp=Ry, dp=Dy,

py»=max{pyld € 7} + 1, and ¢ =c.
Furthermore, given a job set Jlc], the constant speed of background workload
under S\ is called a background speed of Jlc] and is denoted by BS(7, c).
The following lemma is an extension of Lemma A.7 for arbitrary intervals.

LEmMma A.9. Given a job set Jlc]

N/ el
S = @tz sy for by, byeTy, bi< - <b, such that
k-1
c= cj and BS(Ji;p;.11,¢j) =BS(Tw, b,,,1,¢jr) forall 1<j#j' <cj.
j=1

Proor. Directly from Lemmas A.6 and 3.7. O

Along with Lemma A.9, the following lemma implies how the problem can
be reduced to a dynamic programming formulation.

Lemma A.10. Given ti, t;,ty, € Ty, where t; <t, <t;, let
T e =T U AT € T8N, d gl St t1)

and

B, | =CUJ € TPy elti, tw) Ady € [ty 851D,

and let S(E;)t 7" represent Sopt‘ " Then,

B
Tt tm1™ [C[ti ]

bt Tt Il bt i] i . .
Sipt’] € {Sopttt b EBS[ "1Sopt " is feasible for ‘7[127tm]w}.

Proor. If all the jobs in {J e J5|[r;,dsj1C[t,t;1} run at the same
‘-7ltt [CEN_]]

speed under S(Ei;;t’, S(Ei;;t’ =Sopt Otherwise, there must exist

tm € Tig e 78|Irs dsl < ity (S T7) such that all the jobs in {J € 7%|rs € [ti, tm) A

dj € [tm,t;]} finish their executions by ¢, with the same constant speed and
all the jobs in {J € J5|[rs, d j] C [tm, t;]} are not executed before t,, under Soi;tt’]

B
)] o Tittm™ g o]l )] Titg ™ 15, ]
Therefore, we have S , where S ¢

> opt = ©opt SSpt is feasible
for ‘7[ti,tm]w' =
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CoroLLARY A.11. Let E([,t;,’ttj " denote E (Sg_f,;tj ") where S(Eg;tj Vis defined as in
Lemma A.10. Then,
gt _ e ( { B ( §Tiwm [C?Z,tm1]> L+ gl

opt opt opt tm €Ty, b <tm <tp,

B
Tity 1w [ ]

Sopt ™ is feasible for Ty, }) .

The correctness of the algorithm in Figure 12 directly follows from Lemma
A.10 and Corollary A.11.
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